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Recent experimental studies on graphene on hexagonal boron nitride (hBN) have demonstrated that hBN is
not only a passive substrate that ensures superb electronic properties of graphene’s carriers, but that it actively
modifies their massless Dirac fermion character through a periodic moire´ potential. Here we present a theory
of the plasmon excitation spectrum of massless Dirac fermions in a moire´ superlattice. We demonstrate that
graphene-hBN stacks offer a rich platform for plasmonics in which control of plasmon modes can occur not only
via electrostatic gating but also by adjusting, e.g., the relative crystallographic alignment.
DOI: 10.1103/PhysRevB.90.161406 PACS number(s): 73.20.Mf, 42.30.Ms, 78.67.Wj
Introduction. Vertical heterostructures [1–3] comprising
graphene and two-dimensional (2D) hexagonal boron nitride
(hBN) crystals [4] offer novel opportunities for applications
[5] and fundamental studies of electron-electron interactions
[6–8]. Recent experimental studies [9–12] have demonstrated
that hBN substantially alters the electronic spectrum of the
massless Dirac fermion (MDF) carriers hosted in a nearby
graphene sheet. Indeed, when graphene is deposited on hBN,
it displays a moire´ pattern [13,14], a modified tunneling density
of states [9], and self-similar transport characteristics in a
magnetic field [10–12]. The potential produced by hBN acts on
graphene’s carriers as a perturbation with the periodicity of the
moire´ pattern [15,16]. This is responsible for a reconstruction
of the MDF spectrum and the emergence of minibands in the
moire´ superlattice Brillouin zone (SBZ) [15,16].
A parallel line of research has focused a great deal
of attention on graphene plasmonics [17]. Here, the goal
is to exploit the interaction of infrared light with “Dirac
plasmons” (DPs)—the self-sustained density oscillations of
the MDF liquid in a doped graphene sheet [18]—for a
variety of applications such as infrared [19] and terahertz [20]
photodetectors. Interest in graphene plasmonics considerably
increased after two experimental groups [21,22] showed that
the DP wavelength is much smaller than the illumination wave-
length, allowing an extreme concentration of electromagnetic
energy, and easily gate tunable. These experiments were not
optimized to minimize DP losses. Microscopic calculations
[23,24] indicate that these can be strongly reduced by using
hBN (rather than, e.g., SiO2) as a substrate.
In this Rapid Communication we try and combine the
ideas of these two fields of research by presenting a theory
of the impact of a moire´ superlattice on graphene’s plasmons.
Following recent transport experiments [10–12], we focus our
attention on the case of long-wavelength superlattices since,
in this case, interesting features in the miniband structure
appear at carrier densities that can be achieved by standard
electrostatic gating. By employing linear response theory
within the random phase approximation [25], we calculate
the plasmon modes of 2D MDFs in a moire´ superlattice. We
have found that graphene-hBN superlattices harbor a wealth
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of satellite plasmons. These modes emerge from electron-hole
pockets located at the high-symmetry, e.g., ˜M , ˜K , and ˜K ′,
points in the SBZ—see Fig. 1(a). Depending on the nature
of the moire´ superlattice, the ˜-point plasmon, which at
low doping is an ordinary DP mode [17], may survive or
morph into a satellite plasmon when the chemical potential
increases. The concept of plasmon morphing is sketched in
Fig. 1(b). Spectroscopy of plasmons in graphene superlattices
therefore reveals precious information on the properties of the
miniband structure. Even more interestingly, graphene-hBN
stacks offer a low-loss plasmonic platform where knobs
other than electrostatic gating [17]—such as the twist angle
between the graphene and hBN crystals—can be used for the
manipulation of plasmons.
Moire´ superlattice minibands. We describe the problem of
a MDF moving in a moire´ superlattice with the following
single-particle continuum-model Hamiltonian [16],
H0 = vFσ · pτ0 + vFσ · A(r)τ3 + V (r)σ0τ0 + (r)σ3τ3,
(1)
acting on the four-component pseudospinor (A,K,B,K,
B,K ′ , − A,K ′)T. In Eq. (1), p = −i∇r is the 2D momen-
tum measured from the centers of the two graphene’s principal
valleys ν = K,K ′, vF ∼ 106 m/s is the Fermi velocity in
an isolated graphene sheet, and σa,τa with a = 0,1,2,3 are
ordinary 2 × 2 Pauli matrices acting on graphene’s sublattice
and principal-valley degrees of freedom, respectively (σ0 and
τ0 are identity matrices). Finally, V (r), A(r), and (r) are
potentials due to the moire´ superlattice. Note that the terms
containing A and  have different signs in the two principal
valleys. Since V (r), A(r), and (r) are periodic perturba-
tions, we can expand them in the following form: V (r) =∑
G V (G) exp (iG · r), A(r) =
∑
G A(G) exp (iG · r), and
(r) =∑G (G) exp (iG · r), where G denotes the recipro-
cal lattice vectors (RLVs) of the moire´ superlattice. Since H0
is block diagonal in valley space, one can find the spectrum of
H0 in each principal valley ν = K,K ′, separately.
The eigenvectors |k,n,ν〉 ofH0 can be expanded in a plane-
wave basis as
〈r|k,n,ν〉 = 1√
L2
∑
G
uG(k,n,ν)ei(k+G)·r , (2)
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FIG. 1. (Color online) (a) shows the SBZ with its high-symmetry
points and the first star of reciprocal lattice vectors ±g1, ±g2,
and ±g3. Here, the ˜ point (i.e., the center of the SBZ) coincides
with the ν = K,K ′ points of the original graphene’s Brillouin zone.
(b) illustrates the concept of plasmon morphing. Two Dirac-band
crossings are located at different points of the SBZ and are separated
in energy. When the chemical potential μ lies at the position of the
horizontal solid line, the system displays the plasmon [17,18] of
a 2D Dirac system with n-type doping (green shaded area). Upon
increasing the chemical potential (dashed line), the ˜-point plasmon
morphs into the ˜K/ ˜K ′-point plasmon of a 2D Dirac system with
p-type doping (orange shaded area).
where L2 is the 2D electron system area and∑
G uG(k,n′,ν ′)†uG(k,n,ν) = δn,n′δν,ν ′ . The wave vector k
varies in the first SBZ, n is a discrete index for the superlattice
minibands, and ν = K,K ′. Eigenvalues εk,n,ν and eigenvector
components uG(k,n,ν) can be found by solving the secular
equation [26]
∑
G′
HG,G′(k)uG′(k,n,ν) = εk,n,νuG(k,n,ν), (3)
where HG,G′(k) ≡ vFσ · (k + G)δG,G′τ0 + vFσ · A(G −
G′)τ3 + V (G − G′)σ0τ0 + (G − G′)σ3τ3. The size of the
matrixHG,G′(k) is 4N × 4N , whereN is the number of RLVs
included in the expansion in Eq. (2). The miniband index n is
chosen such that εk,n,ν  εk,n+1,ν , with ε ˜K ,−1,ν < 0 < ε ˜K ,1,ν .
The dispersion of the first conduction (valence) miniband is
thus εk,1,ν (εk,−1,ν).
The sparseness of HG,G′(k) is controlled by the number
of RLVs included in the Fourier representation of the moire´
potentials V , A, and . Following Refs. [15,16], we use
only six RLVs ±g1, ±g2, and ±g3 in the Fourier expan-
sion of the moire´ potentials. For two twisted honeycomb
lattices with lattice constants a and a(1 + δ), the RLV g1
is given by [9] g1 = 4π ( cos(θ ), sin(θ ))/(
√
3λ), where λ =
(1 + δ)a/
√
2(1 + δ)[1 − cos(φ)] + δ2 is the moire´ superlat-
tice wavelength and φ the relative rotation angle between
the two honeycomb lattices. Finally, θ is the relative rotation
angle of the moire´ pattern with respect to the graphene lattice
with tan(θ ) = sin(φ)/[(1 + δ) − cos(φ)]. The RLV g2 (g3)
can be obtained from g1 by a counterclockwise rotation of
π/3 (2π/3), as shown in Fig. 1(a). For graphene on hBN,
a = √3a0 is the graphene lattice constant (a0  1.42 ˚A) and
δ  1.8%.
For the sake of simplicity, we focus our attention on
the case in which pseudomagnetic fields are absent, i.e.,
A(r) = 0, although the theoretical apparatus described below
is completely general. We then write the scalar potential as
V (r) = 2Vs
∑
m=1...3 cos (gm · r) and the mass term as (r) =
FIG. 2. (Color online) Graphene-hBN superlattice minibands
along the ˜- ˜M- ˜K- ˜ direction (twist angle φ  0.03 rad, λ  7 nm).
Thick lines denote the first two conduction minibands. All the
numerical results in this figure have been obtained by including
N = 37 RLVs (|G|  3|g1|) in Eq. (2). (a) refers to a moire´ potential
with Vs = 30 meV and V = 0. (b) gives a 3D representation of
the moire´ superlattice miniband structure for the same parameters
as in (a). (c) and (d) refer to a moire´ potential with Vs = 0 and
V = 30 meV. In (c) black solid (red dashed) lines label the miniband
structure around the K (K ′) principal valley.
−2V
∑
m=1...3 sin (gm · r), implying that the HamiltonianH0
is inversion symmetric [27]. Illustrative numerical results for
the minibands of a long-wavelength (φ 	 1) graphene-hBN
moire´ superlattice are reported in Fig. 2. We focus our attention
on the features of the miniband structure occurring in the
first two conduction minibands—the thick lines in Figs. 2(a)
and 2(c). Features at these energies can be accessed via
electrostatic doping.
For Vs 
= 0 and V = 0 [Fig. 2(a)], we see that the spectrum
hosts a crossing at the ˜M point of the SBZ. This crossing
evolves into an isolated Dirac point for scalar potentials
with larger amplitude, e.g., Vs ∼ 100 meV. Since experiments
[9–12] seem to indicate weaker potentials, we have decided
to use Vs = 30 meV. Moreover, plasmons emerging from an
isolated Dirac point have well studied properties [17]. For
Vs = 0 and V 
= 0 [Fig. 2(c)], the spectrum shows satellite
Dirac points at the ˜K (in one principal valley) and ˜K ′ (in the
other principal valley) points of the SBZ. See Ref. [28] for
further important considerations on Fig. 2(c).
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Plasmons in a moire´ superlattice. Complete information
on the plasmon modes of an interacting system of MDFs in a
moire´ superlattice is contained in the density response function
[25] χG,G′(q,ω) ≡ χnn(q + G,q + G′,ω), viewed as a matrix
with respect to the RLVs G,G′ and with q spanning the first
SBZ. We also introduce the inverse dielectric matrix [25],
[−1]G,G′(q,ω) = δG,G′ + vG(q)χG,G′(q,ω), (4)
where vG(q) = v(q + G) with v(q) = 2πe2/(q) the 2D
Fourier transform of the Coulomb potential. Here  = (1 +
2)/2 is the average of the dielectric constants of the media
above (1) and below (2) the graphene flake. For graphene
with one side exposed to air and one to hBN, 1 = 1 and
2  4.5. The value of 2 has been taken from Ref. [8].
A good starting point to calculate plasmons in electron
liquids is the so-called random phase approximation [25]
(RPA) in which the full density-density response function
χG,G′(q,ω) in Eq. (4) is approximated by the solution of the
following Dyson’s equation:
χG,G′(q,ω) = χ (0)G,G′ (q,ω)
+
∑
G′′
χ
(0)
G,G′′ (q,ω)vG′′ (q)χG′′,G′(q,ω), (5)
where χ (0)G,G′(q,ω) is the density response function of the
noninteracting electron system in the moire´ superlattice.
Off-diagonal terms with respect to RLVs in Eq. (5) represent
crystal local field effects, which we retain since they may be
important in comparing theory with experimental results [29].
The quantity χ (0)G,G′(q,ω) is given by the following expres-
sion:
χ
(0)
G,G′(q,ω) =
2
L2
∑
k,n;k′,n′;ν
nF(εk,n,ν) − nF(εk′,n′,ν)
ω + εk,n,ν − εk′,n′,ν + iη
×Mk,n,ν;k′,n′,ν(q + G)M†k,n,ν;k′,n′,ν(q + G′),
(6)
where the factor 2 accounts for spin degeneracy, η is
a positive infinitesimal, and nF(x) = {exp[(x − μ)/kBT ] +
1}−1 is the Fermi-Dirac occupation factor at temperature T
and chemical potential μ. Finally, Mk,n,ν;k′,n′,ν(q + G) ≡
〈k,n,ν|e−i(q+G)·r |k′,n′,ν〉. We emphasize that Eq. (6) is the
sum of two contributions, one for each principal valley
ν = K,K ′.
Self-sustained oscillations of an electron system in a crystal
can be found by solving the equation det{[1/χ ]G,G′(q,ω)} = 0
[25]. Alternatively, one can directly calculate the loss function
L(q,ω) ≡ −Im{[1/]0,0(q,ω)}, which is appealing since it is
directly measured by electron-energy-loss spectroscopy [30].
The loss function displays sharp peaks at the plasmon poles
and carries also precious information on interband transitions
and Landau damping. The latter determines the width of the
plasmon peak in L(q,ω). In this Rapid Communication we
focus our attention on L(q,ω).
Numerical results and discussion. A summary of our
main results for the RPA loss function L(q,ω)—calculated
at T = 10 K and for the illustrative moire´ miniband structures
in Figs. 2(a) and 2(b)—is reported in Figs. 3–5. All the results
shown in Figs. 3–5 have been obtained for a wave vector q
FIG. 3. (Color online) A 2D density plot of the RPA loss function
L(q,ω) for the superlattice miniband structure in Fig. 2(a) and
|q| = 0.007 nm−1. The vertical thin solid line denotes the bottom
edge ε ˜M,2,K of the n = 2 conduction miniband—see Fig. 2(a). The
long-dashed line represents the chemical potential dependence of a
DP with a Fermi velocity vF equal to the bare value vF ∼ 106 m/s.
For chemical potentials above ε ˜M,2,K , a satellite ˜M-point plasmon
is generated: Its chemical potential dependence (dotted line) follows
that of a plasmon in a 2D parabolic-band electron gas. 1D cuts of this
2D density plot for different values of the chemical potential μ are
reported in Ref. [28].
oriented along the ˜- ˜M direction. In the range of parameters
explored in this work we have not noticed significant angular
anisotropies of the satellite plasmons. (This has been checked
by performing numerical calculations with q oriented along
the ˜- ˜K and ˜- ˜K ′ directions [28].) Technical details relative
to the numerical approach have been reported in Ref. [28].
In Fig. 3 we plot the loss functionL(q,ω) for the superlattice
miniband structure shown in Fig. 2(a). For chemical potentials
below the bottom edge ε ˜M,2,K of the second conduction
miniband, the loss function peaks at the usual DP mode, i.e.,
˜-point plasmon (dashed line). For chemical potentials above
ε ˜M,2,K , we clearly see that a new satellite plasmon mode is
generated at the ˜M point. Interestingly, the dotted line in
Fig. 3, which tracks the chemical potential dependence of the
FIG. 4. (Color online) Same as in Fig. 3 but for the miniband
structure shown in Fig. 2(c) and |q| = 0.021 nm−1. The long-dashed
and dotted lines have the same physical meaning as in Fig. 3. The
short-dashed line represents the chemical potential dependence of a
˜K-point plasmon stemming from a satellite Dirac point. Note that
ε ˜K,1,K ′ coincides with ε ˜M,2,K .
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FIG. 5. (Color online) Wave vector and energy dependence of the
loss function L(q,ω) for μ = 330 meV. All the other parameters are
as in Fig. 4. In this plot L(q,ω) has been evaluated for nine values
of q. The gray-shaded area in (b) illustrates the energy dependence
of L(q,ω) for q = 0.009 nm−1. Solid and dashed curves represent
Re[0,0(q,ω)] and Im[0,0(q,ω)], respectively. The values of these
functions can be inferred from the vertical axis on the right. While
the sharp peak at ω  20 meV corresponds to a true zero of the
macroscopic dielectric function 0,0(q,ω), the broad peak at ω 
100 meV does not.
new ˜M-point plasmon, corresponds to the analytical formula
of a plasmon excitation in a 2D parabolic-band electron gas
[25], i.e., ω22DEG = q × 2πn ˜M,K (μ)e2/(m), with band mass
m  0.01me, me being electron’s mass in vacuum. Here,
the quantity nκ,ν(μ) represents the density of a pocket of
electrons or holes at the high-symmetry point κ of the SBZ,
in the valley ν = K,K ′, and for a chemical potential μ. The
dependence of nκ,ν on μ at T = 0 is discussed in Ref. [28].
The parabolic-band-like (i.e., such as n1/2
˜M,K
rather than n1/4
˜M,K
,
as expected for a DP [17,18]) density dependence of this
satellite mode is attributed to the parabolic dependence of
the superlattice minibands on k near ε ˜M,2,K and for k along
the ˜M- ˜K direction—see Fig. 2(a).
The situation is even richer in the case Vs = 0 and V 
= 0.
Representative results are shown in Fig. 4, where we show the
loss function L(q,ω) for the miniband structure in Fig. 2(c).
When increasing the chemical potential, the ordinary ˜-point
DP morphs into a ˜K-point DP with lower energy. Figure 5(a)
shows that this mode displays a 2D dispersion∝√q. Moreover,
its chemical potential dependence is consistent with that of
DPs [17], i.e., ω2DP = q × 2
√
πvF, ˜K,K ′n
1/2
˜K,K ′ (μ)e2/() with
an effective Fermi velocity vF, ˜K,K ′  0.3vF, which is reduced
with respect to the Fermi velocity vF in an isolated graphene
sheet. Satellite Dirac points in the superlattice miniband
structure enable ˜K-point DP modes with low energy for
dopings 350 meV. Long-wavelength graphene superlattices
therefore give access to long-lived, low-energy, e.g., terahertz,
plasmons, which are difficult to reach due to the ultralow
dopings (10 meV) that these modes require in the absence
of a superlattice [17,18] (ultralow carrier densities imply
strong susceptibility to disorder and, in turn, short plasmon
lifetimes).
A further increase in μ generates a satellite ˜M-point
plasmon similar to that in Fig. 3, with the same effective
mass m  0.01me. In Fig. 4 we also notice a broad peak
at energy ω  100 meV. As demonstrated in Fig. 5(b), this
peak is due to interband electron-hole excitations, which
are quite bunched in energy. Indeed, the real part of the
macroscopic dielectric function 0,0(q,ω) does not vanish
for ω  100 meV and Im[0,0(q,ω)] is large at the same
energy.
Recently, it has been shown [31,32] that graphene on hBN
can display topologically nontrivial bands (i.e., bands yielding
finite Chern numbers) in the case of commensurate stackings.
It will be interesting to study the plasmonic properties of
these special stacks, especially in a magnetic field. Due to
the superb electronic quality of graphene on hBN, the plasmon
modes described above are characterized by very low damping
rates [23,24]. We truly hope that our predictions will stimulate
scattering-type near-field optical [21,22] and electron-energy-
loss [30] spectroscopy studies of the plasmonic properties of
graphene-hBN stacks.
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